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ON TEE J%I?PLICATIONOF TEE ENERGYMETHOD

;! ..,. By KarlMsrguerre

: Sincestabilityproblemshave.come into

TO STABILITYPROBLEM+

.. . ,‘..,,

,“

the fieldof Wsion of engi-
neers,e“nergymethodshaveprovedto be ~one of the most“powerfulai’ds“~n’“
masteringthem. For findingthe“especiallyinterestingcritiballoads
specialprocedures‘have.evolvedthatdepartsomewhatfrotithosecustomary
in theusualelasticitytheory. A clarificationof the conriectfonsseemed
desirable,especiallywithregardto the jostcritical.region,for the “
treatmentof whichthesespecialmethods@e not suitedas “theyme.

The presentinvestigation=discussesthisquestion--complex(rode
importantby shellconstructionin aircraft)especiallyin the classical
exsmpleof thelZhil.erstrut,becausein thiscase- sincetheba~icfea-
turesare not htddenby difficultiesof a mathematicalnature,-the prob-
lem is especial.lyclear.

lllepresenttreatmentdiffers”fromthatappearingin the Z.f.a.M.M.
(1938)underthe title“tierdieBehandlungvon S%abilit&tsproblemenmit
Hilfeder energetischenMethode”in that,in orderto work out thebasic
ideassstillmore clearly,It dispen=eswith the investigationof behavior
at “large”deflectionsand of the elasticfoundation;in itsplacethe
presentversiongivesan elaborationof the 6th sect5.onand (in its 7’th
and 8th sees.)a new exemplethat shows the applicabilityof the general
criterionto a stabilityproblemthatdiffersfrom thatof Euler In
many res~ectse

1,(*
Uber die Anwendungder etiergetischenMethodeauf Stabilit&ts-‘

yrobleme.” Jahrb.1x8 DVL, pp. 252-262.,.. . .

I 2
.

In the paper investigationswere continued,atthe instigationof’
! ~ofessor ‘l?refftz(dur$nghis activityat the LWtschenVersuchsanstdt
I

fur Luftfahrt).For a largepart of the work (especiallyin sees.h and
6) the”authoris ve,q,gratefulto his colleague,R. K&ppus,for his close
c-ollahoration.$>

3
See .the,nextto lastpsregqaphof the Introduction,

.,.
,.
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SUMMARY

In the two exsmples’oftheEuler strutand the elightlycurved beam
under transverseload it was shownthat the differencebetweenthe sta=
bilityproblemsand the problemsof linearizedelasticitytheoryrests
upon the fact that in the stabilityyroblemsthe e~resslon for the energy
of defcrmaticmcontainstermsof higherthan the secondorderin the dis-
placements.This ideamakes it possibleto establishthe connectionbe-
tweenthe energymethod in’thespecialformmost used for stabilityin–
vestigationsand the princtplaof virtualdisplacementsin itpgeneral
elasticity--tlheoretic$lvereion;.besides,it yermitsthe investigation
of elasticbehaviorbeyondthe crtticaldeflection.

INTRODUCTION

Kirchoff*suniquenesslaw states: An elastlcbody can assumeone
and onlyone.equilibriumconfigurationWalera given (sufficientlysmall)
externalloading, In the formulationfrom the e~ergyp@nt of view: the
potential~ “ofthe ironerand outerforceshas oneand only one.extremal.

?511=o (1.1) “

. .’

and”theextmmal is a minimum.~,,

The uniquenesslew holdswithoutrestrictionsin the realmof line-
arizedtheo~~yof elastic.lty,thatisj a~ long as the stresses Ot ~ can
be expressedlinearlyin termsof the strains ?’~k and the etrainsline-

arly in termsof the displacementsu, v, w. Then the function ZI is of,
at most, the seconddegreein the displacements,and geometricalconsidera-

“tlonsshowdirectlythata “parabola”of the seconddegre~(positivedef-
inite quadre.ticfokm)can have on.e’tidonly onaminimum(or inmechanlceJ-
terms,e@ilib??ilxnposition). The situationchauges,howevey,when struc-
turesare consideredthe behaviorof whichcan no longerbe expressedwith

.— —.-—. —.

lTorthe derivation”ofthe principleof virtubldisplacements(equa-
tion (1.1))for elasti~ equilihr~mt see, for e=wllej reference lj ma
70 ff. A careful.fo’mdation’of%hegeneralthem?yof the behaviorat the
stabilitylimitappearsin reference2, p. 160. (Forfurtherliterature,
see reference1, Qp. 277 ff., or reference2). !l%einvestigationsin
sectionStableandUnstable13quilibrtum”inparticularmake use of’the
Trefftzpointof view.
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“&ui?ficien+acc”tincyby the linearizedstrain-dis~ht%tientequatione.Such
are,psrticule.ry,bodiesfor whichone dimensionis smallcomp~ed to the
other~$structuresin the form of shells,plates,or bars. For exsmple,
a rod can, withoutexceedingthe proportional.ltiit,undergobendingde-
flectionsseveraltire%greaterthan its.thickness,qnd underthese,cir-
,cums~~cesthe quadraticp~t ,of“the(traiwverse)displacementsin the
stiaind’i~~lacementequationsis nQ lo~”qrmualiccmparodto.the.ltnear
part. “~en ti eney& df,de%zviuitionof”%hepotential IX becomes”.of‘
higherthan the seconddegreein the diej?lacetinfs;&da “pWabola of ‘
higher’ordercan naturallyhaveseverelextremels(eqt~illbrium”pdpitionb)i.. . . ,,

The problezu’ofthe theoryof stabili$y$s.usuallyconsideredto be”
the deter.minationofthat externalLoad”underwblch severalneighboring
equilibriumconfigurationsare pos~ible. The reasonfor limitingin-
vestigationIJOthis “criticalpoint“ ~j.esin tie fa,~tthat the &ifferential
equationsdescribingtineelasticbehav!orin the posterities.1?egionare,
in genmxal,no lower Iinew and an e.nalyticeJ-treatmentwouldtherefore
%e difficult;whileat the criticalpoint itselfthe problemcan stillbe
“linearized”.1 ,.,

Thispurelypracticalviewpointhas, however,led to a certain(as
i.sshown,from unfoundedste.zyipoint)systematicse~arationof the sta-
bilityproblemfrom the otherprcblemsof the theoryof elasticity,which
find~ itsmathema,tioalexpremion in a fompulationof the prin~ipleof
virtualdisplacementssom~whatdifferentfrom the usualone - ha& also
for con’venidneeled to t“~ formulationof’s specialprinciple. (Forex-
ample,see ieference3.) .,

The principleof vi~twi~displacements@,atesthatduringa vfrtual
(that’is,geometricallypossible) displacementfrom an equili?)rfumpoei-
tfon,the ener~ of’deformationtakenup by the elasticbody Q equalto
the work dcneby the @xternalforces. For the use of thisprfnciplein
the theory,ofelasticityit @ convenientto expressthisfact in the
foil.owi~war: An equilibriumstate’isdistinguishedby.thefact that
for everyvi~tua2displace~ntfrom thatstatethe potent3a2of theinner
and outerforces

,, ~=Ai.+V

...———..———. ——. . .—.—., .
%nowledge of the po~tcriticalre@o~ was untilnow of secondary

practicalinterest,became buckledstmctura% elementswere considered
unpermtssl.ble.It has been on~~ in recentyears that in the shellcon-
structionof airaraftcritical.?.oadshalvebeen permittedto ‘beexceeded
by largeamountsunhesitatingly.
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,.
511 =... .. ~(Ai+V)=O “’,.

...,.”
.,.
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.’ .,.. ,,. . .

“(1.2)

Thereinthe poten*ial Al..of the innerforce.sIS givenby the energy

of deformation(inner.work)j and theyotentia..V, of tie.e~+qm” forces
by”the negativeproductof the externalforceeccmmtderedcons.tant.and “,,.,
the displacementsof theirpointsof ap@ication. In the regionof appli-
cabil~.tjof the”proportionalitylaw numericallyV =-2A.a, where Aa

is the work doneby the exberns3forcesas they.increase.fromzeroto
$heirfinalva3\~esin paeein~tihroughonlyequil~briumstates. The prin-
ciple (1.2)can thereforebe writtenconveniently.,alsoin the form, (Fcr..
ex.an@e,seereference3.) ~

.,
~(Ai-Wa)=O . . (1.3)

As agafnstthis thereis oftenusedas ~ “minimalprinciple”in stability
theogythe condition ..

The authorintendsto chow in the presentpaper (inthe classical
exampleof the strut)that.d:sostdbilityinvestigationsare best handled
in connectionwith the singlemin equation(1.2),whereintermsmust.be”
retainedof IMgher.orderin tinedeformationsJlogica.11.yonly in the ex-
pressionfor the energyof defofition. ‘Thisprocedureis essential
from the practicalstazzdpolnt,if tlm relatiormbipsare tc be invsatigated,
in the postcrit3.csl”region,and desirabiefrom the systematic@n.dpoint,
becauseit becomasclear in thismannerthat’no’additionalprinciplesare
required.In particular this considerationtill clearUP the apparent
contradictionbetweenequations(1.3)md (1=4).

The calculationitselfis cartiiedout in the followingmanner:
First,the expressionfor the energyof deformationA3 is set up, then

the differentialequationsfor the two componentsof displacementare
derivedfrom the condition ‘

. . .,.

., ~~=o .“ .,,,,
.
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and the questionof the stib$ltty:rof,,thq.equi~.ibri,~.poeltfon,1sagswered
by the restrictedcondition

,. XI = tiinlmum (1.’5)

Then the sameproblemis treatedwlththe help of a Ritzprocedu&;’in ‘ ~
thisway the resultof the stabilityconsiderationis broughtout in an
esyeciaQy eleflantmanmr.. Aftera thorough dj.~cussfonof the USUd sta-
bilitytheory,it is shownIn’cqnclueionhow,thesameconslderattonecan
serve.fqrthe treatment.ofthe snap--actionproblemof a sl$ghtlycurved
beau,

ENERGYOF DEFORMATION

H the customaryassumptionsof the beam theoryare retained- that
for “-l deflectionsof thebeaq thework of stretchingand work of
bendingare independentof each otherand that the part of the work re-
sultingfrom the ehearforcesis smallcomparedwith the othertwo parts-
thenthe energyof deformationcan ea$ilybe given.~~

As a resultof the asmmption of smalldisplacements– %Fithoutat first
sayinganythingaboutthe sizesof the displacementsu and w (fig.1)

the strains ~re~a~~veto each other.- and wx(or WX2) may be neglected
in c(mrpariw?nwithunity;that is, in a developmentof both quantitiesin
powersof Ux and Wx onlythe lowestpowerneedbe retained. If, there-
fore,the $quareof a line,elementof thebeam centerlinebeforedefama-
tion is ....

. . “&2” ‘ ,
.... . .

and afterdefcnmation

[(’+%)2-;]< (2.1)

(thesubscriptson u and w Indicatederivativeswithrespect”to x),
thenthe s~ain of thebeam centerline(refe~e~ce1, p. 57) is

.,
~/

‘x =J’Gy=s1 ‘ %+ as. (2*2), .
I

—,——— —
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stressis
:,

.- ( T?2
% = E\!x+-z- ) (2.3)

,.

and thereforethe energyof stretchingis
.,

,,

—.
m ~ ;X +:; 2dx” .. .A=—

J( ) (2.4)””~~
“,2 ~ 2 ..

The incwmental strain

assumptionthatnormalsare

m

e~ due to bendingis, aocordingto the “.

preserved ..

ZX (2.5).---zW=’.

. .

the bendimge’ne’5gyis th:refore’ givenby : - ,
,.

..

,. ,,

(2.6)

If EZ = U(oj -’u(z)= -u(Z) is the distanceof approachof‘theends,
J?= pF . - 6XF the compressi% force, then - (~F)(eZ)= V is the po-
tentiaiof theexternalforces;the imtalpotential II (measuredfrom
tinestress-freestateas the zeropositionJustas the displacements

t) is t??erefozwU,w, eo

Ix
m=—
2

,,
2

/

-1

wn2 dx -@k2
‘o

(2..7)
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thereis obtainedall infomati,onaboutthetiehaviorof the &trutat and
beyond~the,stabl$i~limit,

...

THE l)IFFllRXNT~EQUATION13
.,. :,“

Considerarod the leftend of
the r.igh~.emd.giveq. .,(x = 2) @

.—
-,

.. . c.- . .. . . ,.,.,

F~,THE DXS!?IACEMENT5U2.W.,.,.,,.

which ZS (%.= O) tS su~por~d.~d
freelywotibleifi’a’h@fz6ntaldirec-

tionunde~a centr~;.y.plaoedco~reeeive fprde F.’ (S&efi~.1.) :As “
given (thatis, aa the independentvariableof theproblem),‘t~e either ..
the horizontaldisplacement 1’Or tjhe c~~~~essfve

I
. —

of the right-bandend stress

u(1)=—cl I P“
PF=-

1 .,4 ,. ~ ;,

Accordingto the prtncipleof virtualdisplacements,the displacements
are to le variedundera constantload in a mannercompatiblewith the geo-
metricalconditions.If at a boundarypoint}the.displacerxent(in the prea-”
ent problem,for example, e) ia prescribed,the point is held fixed
duzingthe vmiation~ GO thatthe work of the (unknown!)externalforces
doeenot remainin the Calculation;if on the otherhand,the force@
given,then the (notfixedgeometrically)end point is varted,and the
work of the externalload (in thepresentproblem P5u) entersintothe
calculation. .,t...

If in equation(2.8”)the displacementu is varied(thatis, if the
elementsof the rod are.@ven a,vi3?jJu4di.~plac,ementin the axialdirec-
tion,whiletheboundarjpoint or ccnqaeepondinglythe load is held fixed)
therefolloweTrom the rulesof the calculusof variations

.,, ,. .’

togetherwith the boundary conditions
,,. ... .,~..

, . I u(o)= ~: :’.”
u(o)= .Q

, :(,3{1”) ‘.“. .
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. .. . . . .

.-..-. 3
-W*X (“~+%)’~(”~+”%)w=+.’’x=x”.”’.

. .. . . .,, .,. . ..... . .. . ..... . .. ..’
.’ .-,.:. “.., .:. <.r-. ..’--.’ ‘., , .: .,’ ‘.. ,.
. . . . . ... . . . .

.,!-
.. ’.’.’

w$th theboundarycendttiom ~;,;)

. .
,.,. ..,. ,,.. . .. ..e -,’, .,. . . .

.. . . . . ,.

““w(o)’+ ‘W(2)=“’w:(o)= w=(?) = o

. ..” .:. :
. ..., ,,

..”’....~ .,.,
.

. ..-.
.. .. ..,$’@3exq~tlqtegratio~oktie’aysteti(3,1),(3.’2)’ofnqilinear(!)

“’”’’’kliniltte.oueue.e@ationsefj%rsno difficultyh@ti.,. .. ... . .
...’.” . . ..’. . .. . .. .>

..‘~-”~rou-(j”~lj‘“&&e fel~mws ... ‘ ,- .:.. .,.
.

wx~
— = constant= - E@

‘x+ 2.

.. “... , :.
.: .:-”.’ ... ,,, ..,, . . . ..

&.d“withthe use of.(3,3),(3,-2)becomes ‘ :.!...... ., ,.,.-”

(3*3)

,.
. . . ...,. . .

‘o:- %xxx+~%x=o (3.1+)
,., ,

... . .,

The solutionof thislinearequationwith constantcoe$ficlentsie
,,,

w =.fsinkx+gcoskx-*flX +gl~- .’.
., .:,,

,.
.“.,.

where k is the positiveroot of the quadraticequation

kz-~=o

., ..., ..+ .,. . ,“

Far%he determinationof the SIX constantsof integrationf, g, f~, gz,
u(o),Eo thereare the sixbound~y.conditione(3.l)and (3,2):

,.
,“ ,., ,“

.,



,-

!i
,’

‘1

g+gl’=o , .,, k2g=o
.,...’.., . ?.’

,;....
fsinkl’+ gcoskt+fll-+gl +0’ .,

fk2 sin kl + gka cos kl = O

u(o) = o

and t.. .“”
,“z ,“:’;“..

,!
.wx’

- El = u(o)- e~2 - —- Q
,,. . ‘cl ,2

....,.

,,

.’.

,,
. . .

.P-Eo+-=o
x

It is foundthat
,,

i?&Fg&,=,gs u(o) = o
. . . .

and either .. .. .
,.

f=6, :that’ia,w= 0“,.
,. ,.

P
‘Q=e ‘o=~

,. ...’.,,. ..... .,
u= -e~ “PU= --xE

,.. . .. .’ .,.:.

or

f#, O, w= fsinkx~ k=;
,’

(3*5)

9

. . ...”

.,
(3.6)

(3.7)’:

m f2 2Yfxu=. -
‘G*x+”s Ysin T

.“, ,

Theresre evidentlytwo kindsof equilibriumpositions:the .~trafght“‘
(f = O) and thebent (f’# 0). The straightposttionIs specifieduniquely
by eith6r~p or e~ theb~ntby c - for the amplttudef of the deflec-
tioncap be determined.uniquelyfrom the left one of.equations (3,.5)

. .

. . “ic2f2 ‘“ ‘se-e ~G,-6*
,“, . ‘x’= ‘“””

.

“.(3.8) .
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not,however,by p. I&cm the rightone of equations(3.5)therefollows
ratherthatfor f ~ O a completelydetermined“cr$tic~” value

(3*9)

cannotlieexoeeded. Therefore p is unsuitedfor an independent
parameter{thesituationis differentin the case of the corresponding
plateproblem) (reference4, P. 124).From eqwticm (3.8)it canbe seen
that f assumesreal valuesonlyfor e ~ G*.

In figures2 and 3 the quantitiesf and p are plotted~ainst 6.
The solidlinesare for the solution(3.7),the dottedlinesfor equation
(3.6).

The result(3.9) - thatthe loadfor the buckledstrutdoesnot in-
creasebeyond P* evenwhen the criticalend shorteninghas been con-
siderablyexceeded- fs a resultof the limitationto “small”deflections.z
For the presentproblemthislimitationis no% fmportantbecausehere it
was onlya questionof seeingthatas a resultof the appearanceof higher
powersof w tn equation(2.8)the elasticrod can assw several.equi-
libriumpositions- especiallythat the existenceof a real multivlicit.v
is bound-upwith the exceedingof a certain..’’critical”strain e ~ 6*. “

STABLE AND UNSTABIJ?EQ~lBRIUM

only
In the “ordinary”theorj
the condition

fro’= o,

Qf elasticityit is necessaryto consider ‘

that is, II = extremum (4.0)

%eference 58 pp. 70 ff’.Also the theoryof the so-calledexact
differentialequationof strutbuckling

EJ/P+Pw= O

(reference1, p. 280) showsthatat largedeflections(becauseof the in-
creaseddemandon bendingenergy)thereis a very smallIncreaseIn load.
Frcm the energystandpoint,to be sure,this“exut:’eguationIEInot &
portant~for ifs WX2 is takenas not smallcomp~ed to 1 in thebend-

ing term (thatis, the curvaturel/P is usedin placeof w=) it 1S
necessaryto roceedin a c~rrespondingmannerwith the stretchingterm

7(equation(2.2)
from the start,

-unless it is assumedthatan incompressiblest~~texists
as is done in the theorjo? theEuZer elastica.

.,

,.,,
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In:the”dete%inationOf-equil~briumstates,for”thtisuppkementtiycon-
dition @I$ > 0 (mec@,nically:.the stabilityof the equilibriumI?OSi-.
tilon)-is”assuredt~re because0$’We” linearization(ref’ererice 12 pp. 71--
72); in the presentproblemthemin~’ cdnditionmust‘beset up e@icitly,
sinceonlythrough

...
5= . 0, $21’1>“O,“ X* is, ~ = minimum (4.1)

can the stal?~eequilibriumpositionsbe distinguishedfrom otherpoesi-
ble (theunstqble)positions. ‘l?heconcept@ wtabilityis made precis6
herel)ythe followingconvention..l

1. An equilibrlutnsta~ IS celledstableif for everyneighboring
statethe potentialenergyhas a “ltwger value.

2. An equililjriwstateis calledlabile(unetable)if thereis a’t
leastone

3-.A
spokenof
potential
less than

ne~~hbcmingstatefor whichthe potentialenergyis smaller.,.

stabil$ty~~imit(~hatis, a neutralequ$librlumstate)M
when there$.sat leastoneneighbori~ equil$.briumstatethe
energyof which is equal.to but nonehavingyotentialener~
that of the givenequilibriumstate.

Returnto equations(2.8)or (2.9):”

1 2

and perfor!p~.,varia$$on;that is,replace
w + SW; thererecnil.ts,afterarrangingin
Stopyingafterte~s of tke secondorder,

ubyu+6u~d~ by
powersof 5u, 5W and

,.

,.

%he :?ollovipgd~finitionms given,in substeq~eby E. Trefftzj.n-
cidezrtallyto his DVL lecture.

——,.,..,. ,,,,.—— —-, ..-.., .. ——.— —,-
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,.. “ .“.’&”=,,fi”(U..*~Uj V.+L5W) ‘.fi (ZijW)”~ 53$S~:52fi+’ . ,~, ... ’..” .:
.-. . . . . . . . .. . . . ,.,.. .. S.:,:2,.;:.::”..~~,..: ., , ... .,.. ,‘,,’

..”...,. . I:X=2:T[(%-+’$)’S<,,, ~~~~~,_”;l.,p’ ‘“.““““’‘-’“1 ‘ ‘.,’+ ; , .,.~:”., ,.,
‘y,., ,., ., ”’, .’. =.,.,...,, ,, ,.~ 6U

....

..’ .: +;i[(%+$).vx!wx+3’w=““
.-,

!(
1

.“.

“.+”~, , ““’”i‘;’ 1,..,.”,!.
.,,

22 ~ [
“~~, dx + ~: l@3~ .%?xQ“” -

.,

$y, vx~’. \..-.,, 1
+—

21 [(” ~ ‘% + -~’ + WX2)(?WJ’ +.ipw’’)’]dx

., ‘o...- .’ ,, . .
,, .,..

The conditionthatthe termsof firstordersh81i.vanishleadsto equa-
t“ions’.~(3.1) and ‘(~,2); the questio~of “skabi12tyis answeredby the term.
@ Secoridordbr. By in~ertj,ngfor u, w the v~ues ob~ined from
533-z O thereresultsfor (3.6’).(straightposition)-

for (3.7)(bentposition)

Firstthe stabilityli?mitwillbe determined According~ the defi-
nitiongivenabovetheremust be at tinestabilitylimita statefor which
the secondvariationvanishesbut none for which it becomesnegative:
The valuezerois thereforethe smallestvaluethat b?II can assumeat
the limitingpoi,nt.If, the~efore,FJ211hap certaf.ncontinuityprop-
erties(theexistenceof whichis obviouson mechanicalgrounds),.then
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the “ch~acteristic”velue 52~ = ,~~‘is at the seinetimeen analytical
miniaiti,comy~ed witli‘ne-i@iForingvdl.ues,
teristic”) displacementsystem W, 5W is

“andthe associated-(“c~ac-
determj.nedfrom the condition

pi,j)

The straightposition(seeequation(4.24)) thusreachesthe sta-
bili@ limitwhen 5u, SW satj.sfy,the t~iodifferentialeq~tions ‘

(m),= = o
.,, ,

(4.4)
bw)= + :, (w)= = o

,. ,.,.,.,. :..,

wtth the end conditions

,.

5W(0)= t5w(2) = 5W=(())= 5W=(Z) s~u(()) = ()

and
., “8U(2)* o

The solutionof thl~eigenvalue

5??(2) = o“
(4.5)

problemreads in both cases
,-

The smplitude ~f ~ O remainsundeterminedaxldfrom the secondof equa-
tions(4,4)there$s obtainedfor the criticalvalue of

e ~2~2 , .,.

,. ,crit = —
.“. . 22

,,. .

that is exactlythe expressionE,crit= =%- by whichthe.brs,nchpointof
,-

the equilibriumwas characterized;“stabilitylimitand branchpointcoin-
cide. ,.

“Thetti~astig~tion,proves to be sqy~whatmore difficultfor the bent
position. The twominimalconditionsread
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.,, ,,,
.... . -“afi”’- if “ix ) ; c ‘“’-””.: -....

. .......... .~.pk + “y y’,~ yi. ) = ‘o. .:,,.... . . . ,, . . .,,.,.,.. . . . . .,

for theboundhryoonditionthereis retained

...
?)W(o)= 8W(2)= 5W=(0) = &?.#)

and, dependingon whetheror not the right-hand
scribedor not,

= L%I(o)= o

boundarypoint

\

,)L5wx -2 = o
$x-’

NO.1138

(4.7)

1=0

is pre-

(4.7’)

Itis-recognizedimmediatelythatfor f = O, henceat the begi~ing of
buckling,thebar Is in neutralequilibrium,for all condition=are ~atis-
fiedby the solution(4.6). Thisresulti.strivial. It is not so d~rec~y
obvious,however,thatalso for f + O there@ a variationthatmakes
6211 a minhum; the homogeneoussystemof equationswith homogerleous
boundaryconditionspermitsof a non--vanishingsolu-ttonalsofor f+o.
In fact if the vazziationis so yerformedthat the second%oundarycon-
dition”of(4.7:)is satisfiedtherefollowsfrcm the firstof equations
(4.7)

. .. ,,

5UX = -~;cos y &wx “(4.8)

,<

If this is put in the secondof equations(k.7)the latterreducesto

~.’.

- i%w .( Yr2
,.xxix+E*6W= E i2 i3w~”+ “)=0—%x’)

,..”
~2

and thisequation(togetherwith its,boundaryconditions)is satisfib’dby

aw ‘=“td?einy.’ For au ‘therei~ obtainedfrom (4.8)
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in which ~f again representsthe (notdetern@ab2eby a systemC$ homoge-
neousequatioas)arbitraryfactor.,.

.. .

The questionof the stabili~,of the equilibriumpoeit$onsbelow”kd
abovethe limitcan now be answefied.“
... . ,. ,.

“1.Sitice’%hqstr~ight;~ositlgn“(seeetiuat$on~4;~-])IS Aable’fpr
very small e, from

2. For e > E*
Libriumstate,for a

::.,.. .., ...
,“.’ ..
...,.

considerationsof continuityit ik’eofor i$ e’~~j

the etraightpositionrepresentsan unstableequi--
Varia.tion5W2 w?llely,

.’.
,,

:.,.,

:w=5f -?. ‘ ..
.,,. . “. . .., ,.

... ,,
.,

0~ be “givenfor which $211<0. . . . ,...,,

3,F9r G > C* thebent rod ie againstthe variation
.’‘. ., :

8W = bf sin%
(4.9)

. .
.-.,’. ... ,,. ~.. ,,

,.,,
. )Y&i%i?.( ~ sin ~ ,

..,, ..,, &l.-—
j... ., ,. 222 \x+2n 1,. ,,, ,.,.$,”.. ,. ,’,,,’”.. .4

. . .. .
.,.

: ..’””

“inneutralequililirium.~Since the variation(4.9)(ad onQ this) makes
6%1 a minimum(ofyaluezero)everyother,variattongives,lt &positive
Vque . ;Z.finso@ way’thespecisl~iatton (4.9)”ispreven~qd,”.@6n:the
‘~-pntequ~li~hthpositionis:st.@le+”;~tshold~”’?spe~+dllyipthe’@jor-
tantcasewhere”n~ttfieforcebut the”d$splaaement”of,theend poin$i8.
prescribed;for the displacementsystem(.4.9)is’infact excludedby the
b.m.ndary.conditionthz(2). 0...,,..,. ... ... ...:.. .,. ,,.. .,.

~i.thi~”point”arestit:diacuesetilater3ri+’seu’tio~eonnect$oti‘between
the QrdlneryXnvestj.gationof Stabilityand theProcedurePresentedHere,
,e~oul,drb,e,emphasized.The behav$xrof the rod beyondthe stabilitylimlt
-i@$lif$erentdepen&@-g’izponwhettierthe loa&or tha’”llteplticemen%is
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. .“

consideredas the prescribedquantity.More noteworthily,however,the
behaviorat the stabilitylimitis not affectedby this difference.For,
althoughtherearethe two differentboundaryconditions(4.5)

thl(,z)=.0
end .,. ..

5UX(2)”=o

tbeyboth (togetherwith the differentialequation 8% = 0) lead to
the sameresult

,. .,
.?5USo....

That is, it makesno differenc~whetlwra motionof the end pointsin the x-
directionis “permitted”OY not: duringthebucklingthey do not move.
Thus the resultis arrivedat thatthe twomechanicallyentirelydifferent
problems: bucklingunderconstantlQad and bucld.ingunderconetantend
shortening,lead to exactlythe samecriticalstate au, 5w,~crit,pcrit.l

INTERPRETATIONOF THERESUIJTSWPIliAIDCE’,TRERITZ METHOD

The resultsof sectionsThe Differe,ntia13?quat.ionsfor the Displace-
ments u, w and StableandUnstableEquilibriumcan be illustratedvery
elegantlyif the variationproblemis turnedintoan ordina~ minimum
problemby the use of theRitz method. In the case of the Ritzmethod
to be surenothingcertqincan be saidaboutthe questionof,stability,
sincefrom the starto~y- quitedefinitedisplacementsare cor.siderei~d
thereforenothing’generaiczin”he concludedshontthe ~ign of the secondvaria-
tion;nevertheless,,witha ~ud~ciouslychosendef~ectioneys,tem.the
questioncan be answeredw$thgreatprobabilityor the answer made very
plausible. In the present,especiallysimj?lecase:.theearlier,results ~
,arefoun~agaiti.exactly.- , ..’

As a set of displacements.satisfyingall bourilaryconditicmsare
chosen,thesolutiongof’thedifferentialequations(3.2)and (3.1)

,....
..

‘Thisis a peculiarityof the,problem, In general,,the criticalload
dependsupon the.boimdtiyc6nd%tions- whetherare prescribedforcesor
displacements,the systemis supported,or guided,or built in, etc.”;for
the “minimum”- variation$fromwhichthe qriticalload fol~ows,differs
accordingto theboundarycmditiona prescribedby the deta of theprob$em.



NACA m. I?o.,1138

;.——, . . . .. ..

Then we minipd condition,. ”., ... !.
. .

.,

furnishesan equationfor the “freev~alue”f as a functionof e

17

(5.1)

(5.2)

(5.3)

The relationshipbetweenloadand end displacementis obtainedby means
of the stress-strainequation(%.3)from the secondof equations(5.1);
it becomes

(5.4)

Thereare againthe twopossiblesolutions
,’

“f=o, p =Ee ‘“f5.5)

and

Y?%?2 ‘ ‘“’”
f~O, hence F-=6-6*, p=Ec* . (5.6):

,.
The questionof stab$lityis answered(with,theabove-mentioned

limitation)by the seeondvariation.As hitherto,two casesare dlstln-
guished:

1. If theforce isprescribed~ E thereforeleft open,thereexe
two displacementsto be varied,and the signof the eqression

.- -.
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g (W) 2 ‘+2 g “tifae+8% = S (&)2 (5.7)

mustbe investigated.This expressionis a quadraticform in ~f, be
with the coefficients

A

. 2*II . ~..——
&2

,.
a2@> *

‘tie &2
, this expressionis posit%vedefinite(thatis,

nevernegative)as long as the discriminant.,., ...f

––”(3’ ‘H’*-”%) ‘5=8)
~ 32?1 %

= af2 &z

is greaterthanzero. This is certai@y the casebelow the critfcalpoint
(:< E*); here the systemis thereforestable. Cn the otherhand,A C O
for f = O and e > E*; that is? the straightpositionis unstableabove
the criticalpoint. Finally,thebent positionis neutral,becauseby
(5.6)the discrtiinantvanishesfw f ~ O. Thisresultsgreeewith that
of the previoussectionand is an e~re~sion of the fact thata buckled
strutin the elasticrangecan be bent arbitrarilyfartherwithoutin-
creas5.ngthe load.

2. If the end displacemente is prescribed,only the quantity f
needbe variedand it is foundthat: ‘

,(a%faf)2=& ~x-e+3&f@ii = —
af2 )

(af.)?. (5.9)
212 422, .,.,. ,,
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Frcigthisrelatio~,itfolloweirm@diateW that~,.. .

,. ..’
. ..— ... ...,. ,., .”.“..”.,..’. “.....~ .,,,
for ‘e< @ 8%>0 ““

. .,..,:.. .,. ,.$?02.g>e* an$,.f”+o 8%. >0 ... ..~......... ,.. . ,,
... .. . :- ,.. . .,. -. . f@ ~“>:6*~a’ ‘f”= () f#&,.,<Q “ -,, “., ., :

that i8, fik ~tia~~t positionIS ,stabJefor E < G*, ~tqb~e tor
e > 6*, liheBent positionxas soonas it is IUE@S@call.ypossible(hence
for ~ > G*)4 4WF3 stable. Figurek showsthe enely$y~lationph,ipeIn

“ this secondqase (prescribeddleplacenpnte = %* ‘ofthe right-handend’
of therod)..Plottedas ,$i ., ... . . . .. .

or

. . (me l?otenti~Of the externalforcesis not included beCq.~~.itiS not
affectedby theminimalconditionwithrespectto f.j It is seen that
the straightposition (f = 0) is an equilibriumpositionunderall
cir,tums%nces,for all ourvesstartwith a horizontaltangent..For
a <,1 associatedwith f =’.0 iS a minimum,for a> 1 a max$.mum;.the
curvesfor m > 1 havefurthert~ the rightslsoa mintim, whqrebythe
bent posi,tionf # O 35 characterizedae..a(stable)equi$ibriumposition.
Th@ i?igureshowsespeciallywell the “type”~hangeof the”ourveaii the
transitionfrom the sub-oriticalto the supercritic~reglen: the coln-
cidtngof maximuma@mtnimii for a = 1. Itis also clesrhere that,
althoughat themoment0$ transitionthe displacementare mm.11,the
behaviorof thebody at the s%abiJ.~tyl~it is’mve~tbleseaetemined
by the ‘tpcwsibil$ty”q! greaterdeflections,mpms8ed matbematically~
by-theexistenceof the f-tcqnns~f highe~6T4erin the expression,f~
Ii. ,.

., ‘.

..,. . .

.,. . . .,
. .

1,■ ■ ,,...,,,m,,--, -m-— .--, ..-.,,,,,,— .,,,,,,,,,.—,.-.- —--,--, ,,.,., , , , ,... ,,, , . . ..—.. —,, .. . ,--.,. .-
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CONNECTION EE?W$EItTBE @WiNARY‘XNVi#TIGATtOti ‘&STA31LITi

‘ The ordina&y”4&hil~ty”’i%edryt~
criticalToint. Zt was seen that we
two energyccnxtitioti.‘““Thecondition

PHEsEmD HERE

,, .’

l.j.mitbdto en inyestigat$onof the
qritilcalpxl.nt$s characterizedby

.,,. .,” ““
.-.. ,-, . .?$n. d)””. .. .

,!, -
. . . . ,..

:,.

., .!; ,,.. .
.’ .;?.:.

, ,forany vs.xN3M.cp’ Su? ~v, Bw’ “’ ..4’
., .,,.,..,-..- t,,

3’ characterizesit as an equilibriumposition”

for a characteristicvariation 8U, *?, 6W

,!

...

/,- ‘ (6.~)
. .

$n general;the conditjon

(6.2)

as the critical.one. Or, the critic~ point $s dfsttngui$hedby the tact
.t~at$herea variationof the stateof dei?cwmationcanbe made for which
ljhepotential.II remainsunchangedto termsof the secondorder.,Now
in practicalbucklingproblemsit is usuallya questionof-thetwane$tien
frcma very iimple(oftentndependentof we coordinates)initicilstate. .
of stressto a comparativelyverycomplicatedone. It is thereforecu~tom-
ary to spectiythe Lnitislstate-ofstress”dlrectly withoutrecourseto the
definitionin termsof energy(6.l)and to proceedwith the variationim-
rnedis.telyin regardto the determinationof the.~econdstate. Therethen
remainsas the singleiiqprtant’conditionthe statement(6,1),whichoan.,.
be expr$ss.edin the form of a method-of--p~ocedure,asfollows,for exemplet
Considera.~ystemof Qfinltesimaldihto~~i,onssuperiniposedupon the
cri$ical8tateof deformation,coliectthe parts of the po%enttal.en.ergy
IT qu~~atic in the addeddisplacementsand set,the sum,equalto zero.
That,aucha procedureis at all possiblereststipon$he fact thatas a
res,tit.of.the“large”initialstressestwo types“of,qucdratictermsrise:
an (alwayspositive)part that“representsthe work d@~ by the stresses
causedbjythe addeddisplacements,and a secondpart thatcomesfrom the
work doneby the stressesalreadypresentupon the quadraticpart of the
addeddisplacements.(Seereference2.)1

The fact that this statement--of--procedureconcerningthe vanishing
of the quadraticmembersis nothingmore than the extendedprincipleof
virtualdisplacements(“extended”in the senseof the statementabout
521T) doesnot come out clearlyin the applicationsmostlyfor three
reasone.—.—. ——. .Z -—

%n equation(4.21),for example,the iast two terms representthe
firsttypeand the firstterm;tba ~econdtype,
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1. Sincea confusionwith the veky simpleiniti~ stateis in general
L. no.t..to.be..feared,...it,i.syosa.%ble’Wdisiense @& the designationau,

bv, 5W and writemore briefly ‘u, v, w for the addeddisplacements.
\ Thismannerof writingdQes.notexprepsthe fact that the addeddisplace-1
~ mente are to be not only etil in the senseof the generalhypothesesof ~~
1, the theoryof elasticitybut also infinitesimalin the senseof thq calcu-I

lus of variald.ons.. ,,...,.:,.,.:.
.:...:-,:.,:$- . . .“.’,.,. ,

,2.In closeconnectionwith ke abo~j in consider$~ the energyit
is cuslxxparyto.startnot,with the tote.lpotential.II but directlywith
the energyC-S (,appq~ingas the,~es~t.o~ U, v,’w) and .todesignate
thesech~es by? ~, V ~ste~~of by ‘,fiAy5V; the (extended)principle
pf virtualdisplaoemen~ebecomesin thisXWUUM@of”writing...,,. ...,,.,

. ~ i-~= g, or ewn J& = ~a” . (6.3)
,..

:“.

sincethepotentis2difference-~ alsorepresentsthe work of the
ex%ernalforceson the infiniteSiEE02displacementsu, v, w. Equations
(6.3)csnbe put intowordsas follo~: Fortie~rtul displacemnt u,
v, w, throughwh:chth6 originalequilibriumconfigtirationgoqs over
intothe neighboring(“buckled”)configurationat the criticalpointthe
internalenergy Ai txike~up by the systemis equalto the work doneby
the externalforces ~a @k~ intoaccountthe termslinearand quadratic
in u, v, w. By thisformulationthe two conditions(6.1)and (6.2)are
combinedintoone;a procedurein whi~hthpreis thedangerof losing
slgntof the differencebetweenthe (holdingfor any equilibriumposition)
principle(6.1).and the (.c,haracterizingthe criticalpoeitio~)extension
(6.2).

3. AS the,properequationfor the determinationofthe critlce.1
sysbm of’virtual.dispLacementsu, v, w therefollows(seesec.Stable
and Unstable”Equiiibrim)from (6.2)and the addedk@rement.

.. . .

..:,.:
for ell otiem.5u,0v, 5W

..
;-., .,,. .,.

5(S211’)= o ‘“’” (6.4)
~? ——- . —..

I ‘To distinguishthemfrom thoseusede~lier, the quantitiesusually
‘-~ written Ai, ~Y V
:1

ere designatedby ~i, ~a, ~.
-,

2Thesecondform of the law (6,3)thereforedoesnot representthe
special.energylaw Ai = Aa, by which is expressedthe fact mat for
conservativesystemsthe extern@.work intiod~cedby the transitionfrom
the inttialto the (notneighboring!)finalstateis storedup aa elastic
ener~ in thebody.
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Xf it is a&ed to considerin Jli7J&, ~. o@Y. the..{@one es~e?ti~ for

,thecritic@.bebavioti)”qtidr’’tictermsythe,c&diW@n [6.4) is written,.. .in’thefo~ ‘“ , .,,.
...

.,,’ -
w!~”+x) =,0 : . ..... . ,. ,.. .
s(&i - A.J.=o

(6;4’)

,.. . . . . .,, .,: ., .,. ,;

~~Il!hisfmm, which is only’a naturalconsequence.of,the originalagree-’
ment. to .3..ite u, v, w insteadof, au, 5v, 5w, makes It quiteclearto
what exteritthe simplifiedmannerof writiingcam lead.to.oondeRtualerrors.
For the statement.(6.4$)j asih f~om the deceptiveformalagreement,has
nothingto do with the principleof virtualdisplacements(1.2)or (1.3):
The principle(1.2),in contentthe sameas theenergy law (seethe
Introduction),anmerq the quee%ionof the equilibriumposttionsunder
givenloads (oredge displacements),ami equation(1.3)is a epecialform
of the sameprinciplepossibleonly in the realmof linearizedelasticity
theorybesidesbe@g veryinexpedlentl;eql~atiGn’(6$~C)ym~heiother harxi,
in c.oti~ntthe same as the.minimalcondition(6.4)concerningthebehavior
of the quadratictame at.the stability’limit,givesthe secondequ~librium
position”pcy=slbleat thebm.nchpointand ’the’kought-for,~l-ueofthe load
at whichthe e.quilibriii.beginsto be lnamy-valtid.

,,
,, .,.

he difficyl.tiedso’far.discussed.weredifficultiesin interpretation
arisingfrom t~e sjmbolisrnof writi~. were is.another,more’facthml”
circumstancethatmakes the quest~oncomplex,qepeciellydifficultto see
through. Tt was seen in seetiom,stablearidUnstableEquilibriumthatfar
therod tkereweretwo iridependent,equations .(4:4),with the likewise
independentbouridaryconditions(4.5),‘forthe two addeddisplacenmnts
5u, 5W (whichhere wouldhavebeen written u, w). From them it was
concludedthat u vanishedidentically.Thisresult* and correspondingly
Use, Vs ‘O in the case of plates-makes possible, when (as is tacitly
done.inthe stsbil.itytheoryof a bar) \t is,presupposedas known;a tr~t-
ment of theproblemsbf bar and”platefdxibilitydeviatingfrom the general
methodsof stabilitytheorydepictedabove. Since, however,bars and plates
are themost well-knownprobIems,beinganalyticallythe most tractable,
frequentlyideasthatwere developedthereare erroneouslybroughttnto

— . ..——.

.%o, for instance,for the compressedstrutbelow the crit,icalpoirrt
twicethe external.work can be.writtenIn threeforms: &~2, pc, p2/E-
whichis to be”~ied (withrespectto e!)?’”The’’second’formis meant,
but as”aresult”o~writing 2Aa in theplaceof -V that is no’longer

uniquelydiscernible. ,>..,,“. .:”..,,, ,- .:.,’., .;.!;.’ .,...
..” .Jc ‘

. ..
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:.,. J,,,..’... ’-.,’ :, ’,.,
more.--generaismbill~~ro$~qij. 1~.+8,,~h&~~oi%nec?ssaryto exe@lne
more thoroughlythe +exiotis-,,sp%lq.l.--int%~reiiltions”thatc@-be given
to the occurz%ncesat the”stabfii.~’l@it in,the ease of bars and plates.. .’. .,

Firstof all outliriethe@thoi “by.-which.itis necessaryto,proceed
according’Iiothe directlonbf’ormulei%edat thelegtining~f thisseotion.
“Ifit i’sassumeda vlrlnaa.1.dtsplaoement~u, w at tm criticalpoint,
then,as can easilybe seenlthe stiainof a fiberto termsof the second
orde~ie givenby

. .. (’””,.

WX2: .,
cxG~+’-- zw~’.= Zx --Zwxx ,

2’

.
Thereforethe termsof secondorderare: M the work done3Y the add~d
stress

in thework doneby the already

~)2dxdYdz- Ztg

present(critiGel)con@ressivestress p

-J~ w~2

,P >-dx dy.dz

(Theexternalforcedoes work- Pu(’&); thismakes
‘thesecondorder,) After integrationover y and

no contributionof
z thererem.d.ts

1 z

(J’
z

EF
~i=~ ~%ix+ie

J .[ )
w= %-; Wx= ax ~a =.0 ““ (6.5)

o 0 ,,

and the conditions(6,3)and (6.&f)become

z.

r
z’

r
2

’43 ,[~=dx+i2 Wn2dX-~ +x2.ti=min~~=0 [6.fj’)
‘o o

1
‘The .term ux?/2 goeq,pwt in

,.
equation(2.2)}; and the expansion

the ,Qxp~#ionof-theradical(see.,.”.

wouldgive termsof the third,order. : \ /.
. ..

1, , ,,, , ,, ,,, .--. —
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The expressioncoincidesperfectlywith the eariierexpression(4.%);
there%ore@e samedifferentialeq~tio~.~d~qti~ co?dittons.~d e-

“.:p0ci6.llY“the.r%efit iiS:o e obwined ent-ly ’.inae?en~?n~~:.o?~he~r
‘“,.”.’6motionin the x~tiect36n’of’”%heright-red end pointduringwe buckli~

is pemufttidor prevented~:”’~i~doubte”restit(trot u =0, end at the
,. ~.wu~ iS in.d?pendentof the,conditiaq,u(I) = 0. or ~(l) = O) makes..

~oss~blethe two following“cu~to~y!’“interp~eta’tionsof ‘thebuclilih$
.“ proCe.s@.’c~’ . ,“,,,.’.. .“

The firstprcwedw% conai~tsih c.onsideri.ngtnsteador the “natural”
problem,bucklin$underfixedload>the problemof buck~~ngunderfiXed
end pointand a% the sametime (whatseemsalmosta natura3consequence
of this6tipulation)asslti%3 from the startthe vcaniehingof u also in
the interior.Hence there”iseupe%imposi$dupon the stra@t yosition
w= O a purelytransversedisplacementas a variation, keepingin mind
the presegce of the still-own longitud= compressivestyess +Eo.

Acccrdi4 to iquatiori(?.2)1b~a’co~equence of the @@%3~ in l+tith
connectedwith the transversedisplacement,the followingetmtchlng
energyis released

.!

2 2

.:.1 m?e~
Ii = f

(-mo)=x(hc =-~ %2@,.. . ,:. :..... . .“ ,,
,,. . . , 0.’: .,” 0,

at the sametimea bendingenergy

.. ., .,

,..,

., ...,.->

.&i,2 . . . . .

..” ‘. ‘,, . . .

mustbe edded..This interplay
the.twoequiJ.ibriiuu.poeit$ons)

are numericallyexactlyequal;

z

.“ z
EJ P

J
w=%..,:, .... .

‘T. .,..,. ,..”

betweenthe two typesol?ene~gy(andhence
takesplacewhen thevalues of ~i and ~i

that is,when “
,, .

1’ ‘ : “.‘

(6.6)

. . .. . . ,. . . . .. . ,,.

From”’the’additionh.lcondition,$~i=:0“ %herefolloys“asabovethe sine
eqytion for .,wc ‘1’bIsprocedurethusleadsto the correctend result

..:tiithQv.t,:,h~wvpr.$.pemitti~.a.guarantse,:of.~e~ybavi~’’foundthemini-
‘malbuckling load. For the “restraint”ass~ption u s O limitsthe
numberof possiblevariations,and,thati~,le~s,,to the correctbuckling
load for the rod (andplate)reqtifi~~at.least’a:guti~~emn~yverifi-
cation.

.
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,Moreimportant-because in a stillmore.special~ a pectiliari@
of the rod and plate- is another manner of thfnk~, which is almost
w:iw”~sdd.ymade,Ihvbe.eieof derivationof the.buckling.eq~tions...M.ith
referenceto the naturalbucklingproceso,the.boundariesare coneidez%das
movable;however- and this”:isthe characteristicmark of th@ method-
they cannotbe alloyedvirtualdisplacementu (or u, w - which,as has
been obseryed,would’subtiequeritlybecomezero)but are.givena displace-
ueritthat Is of a h@6r orderof muallness(comparedwith w).

In the case of thebeam it is oustomaryto startthisprocedvrewith
the assmption that“qoadditionalstretchingenergyis takenUp dtiing
bending;that @, that the“bentbeam has the samelengthas the straight
one; it fol@m therefromthatas a resultor thebendingthe endsmust
ayproacheach otherby an amount

(6.7)

(whichin fact is of the secondorderin w!), so that the externalforces
2

do the work
POF

- poFuZ= ~-
J

WX2 dx. Now by fcrmulatirgthe equality
o

of innerand outerwork (whereinby innerwork is to be understoodonly
thebendingenergy)

and assumingas abovetheminimalproper~ of thisexpreseionjthispro-
cedureleadsto equation(6.5’)- naturallyIikewtsewithoutthe u--te~.l

. .

— . . .— .——.—— —-—..

lIn the as;~;on.(6,7) thereis an inconsistency:Ii cannotbe
assumeda prior$thata strutthatchanges!tslengthelasticallybelow
thebucklinglimitsuddenlyceasesto do so beyondit. (Inrealityi.t -
changesits lengthby qus.ntitiesof higherorder.) It is more loglcal
to considera perfectlylncompres~ible- rigidagainstextensionbut
elafltfctnbending- etrwt,for whichthetm hithertoindependentdis--
placementsu end w are relatedfrom thebeginntngby the (geometrical.)
assumption’

Wx2.
Ux+.—= o

P (6.7’)

(Continuedon p. 26)

k
~/’

mmmm-m-,==-m-.,, II11118..s..S-—SS s———- s,.,. . .. , -- ———...-..--—.—
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... .

Since the procedlwe of equatingtha ~%retchingenerg to the external.
work cannotbe used in the case of the‘~late,a specialauxilhr~ idea
has beenused therein orderto preservetheconcepttil.1.yso similaridea,
thatthe’boundariesare to move. (Seereference6.)

.
Withoutconnectingthe displacementsu, v, w with each othernu-

mericallyproceed;in thismethod,from the assumptionthat u, v are
of “ahigherorderof smallnessthan Yi; that ip, consider u, v not
as really~iadeyendentvirtualdisplacementsbut as connectedwith the
transversedisplacementw hy the order-of-magnitudecondition

‘x *W: (etc. )

..Accord5.r@toequation(2.2)thereis cbtaiped
cr~tic~ s@es~es ox> ‘Y?T on the dis~lacemerrts

the “secondorder”

fcr the wgf~ doneby the
u, v, w to temusof

,,.,,-!

. . ..-.

[..
+.’r, j:{%+

,..

the bend% fmergy.. .
~

-. .

Vx + WXWX’)dx w
/’

is, as alwayo, givenby,.

(6.81)

~s ‘~~wz..I!V ) ( ‘“7 “
-AI = 2(l_v)’’w-=Wyy --W=2)J dX dy (6.82)

12(1- V2.).

(s = thickness)— l..—.—— —. —.
(Continuedfromp. 25)

Such a strutpekmitsno deformationat”kllbelow tie critical.load;above
it takeson onlybendingener~, whichis furniehedby the external.work.

Sinceup to the criticalload no elfisticdeformation’atall has takenplace,
the twol.awfi

are here in contentcompletelyidentical. .

,— . ,.,-...--..—.. ---. ,.,..,,.— . .-.,,-, I I III I
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.Both. p=ts.4mget@r muet be e.qx ~ the .wc@c%8 ..of theexterr@.force

in’the senseof equation(6.3)”:-‘PI&extk~! :wcbkczmrrmw(andthis.is
-Uie’@iXWic-e-’@f‘“’Rbtk@neY’6 ldeq)“be”egi%tisad@AralJy- -ina-verye~~e
banner,if it,is’fmextb+ thatthe.Mra’3ghtpo~itton”is an equilibrium
positi6nand that thereforein eve~ ,tititti’displeqement~ = ~i. On

takinGthe specialdisplacementu* = u, @ = v, @ = O (wSththe‘bound-
ar~ di~plaaementm..~*,= .%, V**,* ?R), ~q = ~i?$ $bre?p?%

[[
..&$ =A1*30’ ,

,, 9X. ‘ “Yvy+’(?+i)’l‘w ‘“‘:83)
.,( ...’.,..

and now onjcol.lqmt$ng@mms in (6,8),the u-,and v-terpMcancelout;
thereresultwthe well-knowI&yen plateeq~tton (reference1, P. 293),.
exactlyin theforw obta$nedal~q underthe assumptionof purelytrws-
versedisplacementsand iqmovableboundaries.
,. ,.. ....

The“adv&tage@ thismethodZ.sthat it offersthe possibilityof
formul.stingexactiy,the reletedpresentationof a solutionof thebuckling
processh~ a .tioundarydisplacement,Its disadvan%~e is a doubleone:
The emphasizingof the bcwrdary.displacementsgivee’the i.zqyressi.onthat
the partictpation of tbe externalwork 3.s,universally.31Rportantin a
bucklingprocess,which,as has been seen,is not so. But besidesthis it
is.importantfor the entireconsi~eration,dust as for that of Bryan,that
u, v are of the second.orderwithrespectto w, which,must be knOWn
somehowbeforehand;X theref~re the interpretationof the externalwork
clx~ . .““.“a=a ccmtrilmtionof the secondorder,is not transferableto

more general buckling‘problems.(Seereference6.)

To summarizebrieflythe resuitOf this-seetion: In considering
the criticalpoint it is customaryto dispensewith the correctmethod
of tii%in~the vi@xuzldisplacementsau, h, 5W in favorof the more
convenientu, v, w; therebythe connectionbetweenthe customary
stabilitycriterionand theprincipleof virtua displacementsis co~-
cealed.“Tobe addedIs thatthe stability~robiem”oftherod S@ of the,
platepewi%s a special.treatmentwhichrests”upon the fact thatat the
criticalpointthe tangentialdisplacementsu, v an~ the’normal.
—, .—..,,, ,.

‘Thevery”obv$ousconcinsi~n,thatcan’justbe”gee~f~om theform
‘(2.2)’of the straint~~ .UX and WX2.rnukt’beof”the same order,is
not tenable;for an equationof the type {2.2)holds,for Instance,also

. . .
can become”compaxab@’becauset%eta~ential“displacementv., which iS
of the sameorderas w, is lj.uearlycc)vpledwtth u ttiQu@ the“Sheer
and the tr~sverse contraction.

,
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. .
In eectionStableand”Unst@le Equi12briti,it wab shownthatfor

theEuler struttie tis~bilitypoint (definedby ~(~an) = 0) coinctded
tiiththeb:r~chpoint of the eq!~ilibrimhBranch@g probJ.emsare,however,
ndt the onlyXi,nd,0$stabt.Li@p~,qb%dm;a secondclass,~ich is justas

‘ suite,@.tb t~e energydefin.ition.Of .Btabilttyas Are the.Im?x.clxlrig,
problems,comptiisesthe so-p%lled~chechlag problems. ,,.

In the Durchechla@.problem~he crtttcslload Is designatedas that
load underwh~chan (Mfinites.ipwd)disp~acement0$ the pointof applica-
tionof *he”load’ispossible,wi~.o’.lt~m inoveaseIn tlie”ioad,for which-
a-sin thebranchiw problem- therear6“thereforetio (infinitesimally
close)equilibriumgosit}ons, Above%hd criticalpo+htan increasing
displacement’38 in getievalaccompar.ied.by a decreasingload- the state
is,vnstable~the system“snaps”intozor falls intoa stableconfiguration.
Prerequ@itefor sucha~henomenonis,a ~oh14ir@rrelationshipbetween
forbeand,displabe~nteven in the s~b~e regi%

The ;tiplestDurchschlagproblemis thatof a slightlycurved
beam undera transverseload. (Seereference7.) ~

If the ends of the Initiallycurvedbeem are preventedfrom dis- .
@acing (fig;5), then connectedtith the deflectioncaueedby the
transverseforce Q isa shorteni~of the ~is of the erc, as the
resultof whicha horizontalforce H is made to a~t. “Becausethe
effectof this (verylarge”)compressivefwce upon the equililmivmof
forcesin an elementof thebeam cannotbe neglected,theresdise
yhenornenarelated’tothebticklingprocessin theEuler strut,@Mxa-
bilityphenomena. ,,

.-
Withoutcarryingo@ ell the de~ils of the calculation(presented

completelyelsewhere,ref,erence8),the principalmethodof solutionfor
thiss@bility proble~wiilbe hyieflyoutlined.

,.: .,
.,—.—- ‘-. ..—— -

‘In amannerstnilar to that in whicha strutcompressedbeyond
theEulerlim.itat theleast d~~liurbancesnapscm falls intothebent.
position.
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By a processthatfollowsverycloselythat-oarriedoutin section
Energy0$ Deformq.tign,,isobtal.ned,w$th the notationof figure5 (w
now takenpositivedownti) ~ for the’poten$iai”tinergy ,.,

....’”’. ..
2

m

J [(
,11=—

v~= )2”2
2 0..~ ,,1%.T~ -.?@5t) +~=w= * - Qf: “(7.1),’. .. ... . . ,,, . .. . ,.

..
.,; ,.

.,”. .,+From . .
.“ .... . ,., ,

.J..
,.

..””

J’
/ w-z “’”\ ‘

,,

IUI:2?EEI!,
o

,“
1

+EF. ,![(.%+,Yg- WXwx)(wx-i)bwx..i*w=.w= ]dx- Q5f
., 0

thereare obtained
the displacements:

the two equilibrium conditions expressed in ‘terms of

or, integratedonce,

(
2

— “ Wxwx~.+ ‘;
)
= constant”=- h -

and,wtth the use of equation(7.2)

,,.

.’

12w& +

also the boundaryconditions.

.,.

.-
U(o) = u(z) = w(o) = W(2) = w=(d) = W=(2) = o

(7.2)

(.703)

(7.4)w-( Z/2 + 0) - w-(1/2 - O) = Q/@J
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whichtogetherwith he. contintiity,reqti$,reme@s,for..
,. .,

at. x = 2/2
of the 2x6

. ,..,., ,,:. . .
‘.,’ ,., .

% S,”% %$,WA “

give the 12 condftionethatare necessaryfor the evaluation
constantsof inte@%tionin thO 2 regions x? 2/2.

The p~vsicalsignificanceof the constant h canbe recognizeddir-
ectly from (7.2): On the left-handside is the stretch3.ngof themiddle
line of the erch;therefore,to a factor l@F h is equal.to the hori-
zontalforce H, and (?.2)e~resses the equilibriumconditionthat H
doesnot varywith x.

Just as in the case of the Eulerstrutthe constantof integration
h= H/EF of the firstequationentersintothe secondas the coefficient
of the unknown w; that is, the system(7.2)and (7.3)is”nonlineer,
(Seeequation -(.3.4) cm (3.2)’).;Nevertheless,~q~tas beforethe exact
solutioncan be given in this“simplecasewithoutdifficulty”in”termsof
the at firstunknown

. . . “.. 2 ..22h H EJfi2
a =—= — ...~*= —: ‘ ..

lc2i2 H%? 22

,,

for example,for W = f. sin,z~:

U2 JTx Q13
w= f. —

~2_l
sin—-+—

1 2fi%%J

(x 5 2/2)

and from (7.2)by anotherintegration
conditicmsu(O) = u(Z) = O thereis
dental equation for thedependepce of

.
L

..
taki~

axx”
sin -—~..’m
—. .
00s ~2 1

(7.5)

intoaccountthebo~dary
obtainedsubsequentlya tmneoen-
a upon Q and f. of the form:

HI—=.
1( ),

Wxwx-wd dx ~~ ;
EF20 2

(7.6)
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The detepinationof the@Yi,tlca3.”lotidcambe”utirie~‘t)ut‘intio
basicallydifferentweys.

..... . ... . . ,, ...,
The first.method (,sqe’Ci B. Bfezenoyreference.7, ~’. “22ff) proceeds

frcmithe conditton ~~ a“O, wherein‘thetilationbetween Q and f
is establishedby equat~ons(7.6)and (7.5)for x.= 1/2
.. . .., ..,. . . . . ... . ., 7. !.. . ,“, ..,, . . .

~i? Q23
w(2/2)= f = f. ~ +—

( )“
*:_~ ‘(~;~l:)

a -1 21@ci?EJ 22.. .,. ,,”..

A secondmethodproceedsby~ of the energycriterion(4*3),
Far ,52= 18 obtai~d frcmpquatlon(7P1)afterwriting.forbrevi~x

. .. ,., .,,,. .

,. . . . . ....
the expre~sion ,,. ~ ,,

.- . ,.. .,,, .,.. .

The particulardisplacementsystem bu, 8W by
equal .to. zero$s obtained from

(708)
,.

which 52ZI is justmade

5(5211) = o

that is, from the two homogeneousdifferentialequations

1%’ -WJ6W4=0.’%p.+h[ x.,
and

~[(~x,-”wx)~ux]”: +,[i>w=+v(a,x),wx]=q ‘:(7”?““-&,,,,... . .
..

~~lTher~in w is at f$rst,.’e.ocord~ to (7,7) afunct30n of the”twc
P@rametere’“a ‘and Q. Q for example,is consideredas eliminatedtith
the help of equations(7*6)and (7.5C).



with-thehemgene..ousboundaryconfiitions:.,.‘ .. :’ ~~
.’..... . .. . ... .,. .

., tnl(o)= 6U(2)= 5W(0).=gw(2)= pw=(o) * 6W=”(2)= o
. ..’..“ ....,. .,,..-.,. ,, .<’.

The desiredcriticcd.i-vaiue is the lowe5teigenvhlue of the equations

(’7.9)* ; ~ :
,,

. ...,“ .’

{i ,.. .,’. . .

AIVPSOXIMATEDE932RMINATIONOF THE SIViFLOAD

.“,. ~ fleca;6eol’ the ~reai’tithe~%ic~d iiffetitiee ‘that equations (7.9)
i“.pres~nt,the”kecondmethodoutlinedis not suitablefor an exacttreat-

ment of tie problembut is well suited- and.thereforet~t procedure
yin be consi~eredhere - to an approximatetreatmentby themeth@ @
Ritz or Galerkin. ‘.,. .’.

Thisprocedurecan be startedat eitherof two points:either,
make a Ritz approximationfor $W ii?(7.9),dew~ine the ~orrespond--
ing Su from the ~irst of equatione (7.9),and fellowingGalerkinfrom
the condition 8(6 XI) = O obtain a (-cendenta~) ,equationfer the
de@rminationof ,’q;Qr - very much nlore S?@_J)lyji~ also necessarily

.With.a.correspondlngj1“0ssin accurady - introduce at the start
a IMtz approximationfor w itselfin placeef (7.5) into the e~ression

> ‘. (7s).

It ia well to use the secoridme~hodbut onlyindicato(reference8)
the course@f the calculation.If again

w = f. sin;

is chosenand as a Ritz mrpression

(8,1)

“’,.
thenall boundaryconditionsare fulf~lled,exceptfor the one dis-
continuityrequirement‘(7.4), the violationof whichis however,un-
imporlwlt,Furtherjbysatisfyingexactlyequatign(7.2~(obtainedby.
variationwithrespectto u) and cslculati~the horizontalforce
H. from (7.6),the integralin (7.1’)ce.nbeevQuated and II is
,o~taineda? a functi.onofthe amplitudes.fo,fl, f2 or the-dimsnsion-
“lesspinxuneters
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“h. .52, },L.3, Az = % (i = radiusof ~ation)

~ :“”.:”“’””’’”.-:,”z- ‘ “’1 ‘-” “+” “-”’-’““”” ‘

[~. -inthe,sfpp~eform
!~,’ ””””.,”

where

The equilibriumequatio~ read

(8.2’}

(8.3)

They are in the two unknowns Al and AZ and of the thirddegree;
neverthelessa completediscussim is poseiblewithoutnumericalcalcu-
lation,becausethe secondequationmaF be writtenas a product

*
and ~2 + O, tkt”is, , ,,

(8.!5)
810 -m= = qlo



.:. .

;\. .

.<....,
the &.scu@stonof ~ich no longer,requires‘;anylabor.}”‘Thefirstsyi3tem
providesa symx&tricaldei?ormati’onj..the seconda superpositionof a sym-
metricaland an antisymmetricaldefo~tion. The
compressiveforcesbecome

. .. .. ... . ‘. ,,

. :. .’i .
,.

. .

:. 2,

corresponding
... . ..

433*

horizontal

.\ .’.

,,,(8.4?)

(8.5’)

The criticalload writ is foundfrom the condition
.,, ,

?)26 .,
M long aa —— and the d,iscriminant

ah~z . .

i32ii
SF

.. ., ,.,~
,.”. .

are gre’aterthan zeroy 8211
5A1 and 5X2 cannotbe zero
~T~ish@ of the disc~im~~~

,,

as‘apo,eitive-definitequ@ratlc form in
for any combinationof these’two variables.
characterizes,’thepair of values A1,a12

for whichthereis exactlyone combination~~1,512 for which 8Z3Z
becomeszerobut none for which it is less than zero. The condition

.> .

..”i ~““!

...
(8.7)

gives,therefore,’ki stabilityltii-t ~d togetherwith the t~~~equations
(8. 3) determinesthe threeunkno~ms Al, Xa, and qmit. In this,ca~e
(8.7) reads .... . ...

.
‘, .. ,, .,. . ,,’ , :.,,. .4, , ,“. .;

. . . ..’

.. .,,. ,...,
.,.... . ., . ,,y. - ,. .J,.,----



.
. .

,..’

[(
,.,,, .’”-,,:~=z .,

“4 .8..- iji; - y - 2i2$k2q[2i(%O-A*-(G.‘y).., .7 ., .—. ,- . . . .

,. ..,,. ,., . .. . , .,. . . .,., .,. .<.’

whlih‘coattim becm,e -,. ,,.,. .. . ..,.,.,...,,. .“ ,.. .,,..,,. . . .,,,, ,..,,,..:. . ., ,32= o., ”
,.. i.,

,. ”’, ‘,,

:,

. .
1 ..,,,,,

.

:.

with ‘
,,

.’

‘1,.

.. . . . “,and w$th “.
,’, . ., . .. . $. ...’..

. .

.,,

‘. . . .

!., ., . .. -

Thereare.thereforetwo sets of valuesfor Al,A2,,.. and ~rit. .
$..

,,. .

(8.8)

(8.9)

by whicha criticalstateof the elasticsystemIs characterized.

The physicalsignificanceof the relations(8,8),(8.9)and espe-
ci@tly~he.tin thistiakeunstable)behavior,abovethe criticalzoadwiU.
not be”pursuedin detail(see referenqe8). (Seefig, 6.) ‘1’&rethe
load Q is plottedagainstthe deflectionft of the pointof,application,

,,
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underthe criticalload givenby (8.8) thereentersdefiniteW’txibility,
increasingdeflection f~ withoutincreaseOf 10WL Accordinglythe”
beam snaps - under constant, load - until. it findsa stableconfigura-
tion at l~t. Since lq~ > A. thebeam.isqow convexdownward;i% also
cen be seenclearlythat the systemnow mustbe stablewith respectto
an increasein loadja furtherdefMctidn results$n a lengitud$nal

1 pull. (See equation (8.4~). )

For ,, ~
.,.,, ,

(8.9’)

the criticalload is givenby (8.9). Beforethe externalload cam
assumethe value ($.8), the lo~itudinslccmp~essionaccordingto (8.5~)
reachesthe value hH*, that is, the secondEuler load,underwhi~hthe
strutassumesthe S-shape”configuration~Z j4O. It snapsagaininto
a etableposition Xlt, thistime,Qowever,passingthrmaghw un-
s,yxmnetricaldeformation.At the criticalload thereappearsa branch-
ing of the elasti~equilt%rium;figure6 showsthe.tm,branchesof the
Q- fl curve,both of whichhowsver- and thts is the noteworthydiffe~
enoefrom theEulerproblem- we unstable.

For furtherdetailssee’thepublicationreferredte, Here it was
justa questionof presentingthe chainof ideasthatled to the deter-
minationof the critioalloads (8,8)and (8.9),in orderto showthe
aypl.icaticmof the gene?%lstabilitycrit&Zon (4,3)to a stability ‘
problemof an.entire~ydifi?~rentkind,

,.

‘Thatis,”atfirstvibratesabout Alt as.a “s.t~bleequilibrium
position.
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Equation3.7;

.. “Trans.tits:”

,., ,
.’ .’””

:.:;.

..’, . . . . . . . . . .,
... ,.

Mu3t part ““ ““ ‘::’”’ “’”‘: ““;’” ‘ “ ‘“ -

,.,. . .. . . ,“fi@ 2YCX f2;2°
u*-e++x-.—-f3zrl - .- ,

81 1 4t~ x

Equat@n6 (7.5)and (7.5*)
,>,..

. lS%u13.no’te:
QZ3 Q13 “

It”appet+l% ‘that tie +eg&- ‘T s40@d be. . ,, 2n2cc?EJ 2x3a3EJ“., -.. , . . . . . .

.,. ,. .,. ..
.’, .

,. .,., , .,, ,“.. -

.,
2+

.. .-’

Page, 2!

‘h?em ● 130te : It appears that

.: .,

..” &

Page 36

62 3 ‘r””’“’
&o’ -4

0,

“.

EJ
t “.

f&i=~ ~ w=2dx shouldbe
o

Tmns. note: It appearsthat (8.4;)shouldbe (8.5*).
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Figure 1.. Strut

1 -u 1)=%-1/p, ‘~

&der compression.

““t-,[
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1z
-y
-Oi... -.

C/e*- --k-_>

1- ‘2-’ 3

~“j,’gure2,- Amplitude f against e.

/

l?igure 3.. LoadP against~.

=a
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.,

$=
s f/2i

Figure4.- Variationof energy of deformation
with the amplitude f = 2i~. Edge

compression e = ac * as a parsmeter.

Moment of inertia J, Section 3’
Radius of gyration i, Elasticity modulus E

Figure 5.- Slightlycurvedbeamunder
transverseloadQ.

,,.... .. .. ..
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Figure6.. Variation of the load Q with the—
displacementfl ef the pointof

application.Parameter= ‘initialamplitude
fo●

41



.,
.’

l!!!!!ll!![lll!!!l!.!‘
,‘-~l-l”lNm”~[l iiI;

31176014374475,,

,. .,,

..

,,

,.,

,.... . . .. . . .. . ...... .,
,.. ,

.—.

L.... -.


